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NEWTON-HODGE FILTRATION FOR SELF-DUAL F -CRYSTALS
N. E. CSIMA
Abstract. In this paper we study F -crystals with self-dual structure over base
schemes of characteristic p. We generalize Katz’s Newton-Hodge Filtration
Theorem to F -crystals with self-dual structure.
Introduction
Let k be a perfect field of characteristic p > 0, and let K denote the field of
fractions of the ring of Witt vectors W (k). Let σ be the Frobenius automorphism
of K. An F -crystal over k is a free W (k)-module M of finite rank endowed with a
σ-linear endomorphism F : M → M which is injective. By an F -isocrystal over k
we mean a finite dimensional K-vector space V endowed with a σ-linear bijection
F : V → V . In the 1950’s Dieudonne´ introduced these notions and classified F -
isocrystals in the case where k is algebraically closed [M]. It turns out that the
category of F -isocrystals over k is semi-simple when k is algebraically closed, and
that the simple F -isocrystals are parameterized by Q. This result also classified
p-divisible groups over k up to isogeny.
In the 1960’s Grothendieck introduced the notion of F -crystals over Fp-algebras,
or “F -crystals over schemes”. This formalized the idea of having a family of F -
crystals over perfect fields of characteristic p parameterized by points on the original
scheme. These came from Dieudonne´ theory for p-divisible groups over arbitrary
base schemes of characteristic p. To each F -crystal over k one can associate a
Newton polygon and a Hodge polygon. It is natural to ask, given an F -crystal over
a scheme, how the Newton and Hodge polygons associated to each point vary over
the scheme. Grothendieck proved that the Newton polygon of an F -crystal rises
under specialization. N. Katz proved the Newton-Hodge Decomposition Theorem
for F -crystals over k and then proved a generalized version for F -crystals over
certain Fp-algebras [K2]. This is referred to as Newton-Hodge filtration.
The σ-conjugacy classes of GLn(K) are in bijective correspondence with the iso-
morphism classes of F -isocrystals (V, F ) of dimension n. This leads to the question
of how the σ-conjugacy classes of other groups can be described, and this question
was answered in [Ko] and [Ko2]. The idea is to consider the category of F -isocrystals
with some additional structure on them, and then show that the isomorphism classes
in this new category characterize the σ-conjugacy classes. For a connected linear
algebraic group G over Qp, the σ-conjugacy classes of G (usually denoted B(G))
have been described by isomorphism classes of what are called F -isocrystals with
G-structure. One example of this phenomenom is when G = GSpn(K). In this
case an F -isocrystal with G-structure is called a symplectic F -isocrystal. It is a
triple (V, F, 〈 , 〉), where 〈 , 〉 is a non-degenerate skew symmetric form, (V, F ) is
an F -isocrystal, and 〈Fx, Fy〉 = cσ(〈x, y〉) for all x, y ∈ V and some fixed c ∈ K×.
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In [Ko3] Kottwitz proved a group theoretic generalization of Katz’s Newton-Hodge
Decomposition Theorem for split connected reductive groups. Later Viehmann im-
proved this result in [V]. The ideas above came together in [RR]. They considered
F -crystals over Fp-algebras up to isogeny, or F -isocrystals over schemes. Using Tan-
nakian theory they were able to define F -isocrystals with G-structure over schemes.
They proved a generalization of Grothendieck’s specialization theorem and Mazur’s
Inequality.
In this manuscipt we will define the notion of a self-dual F -crystal over k and
the notion of a self-dual F -crystal over an Fp-algebra. These definitions will be
motivated by the notion of symplectic F -isocrystals. Then we will state and prove
the Newton-Hodge Decomposition Theorem for self-dual F -crystals over k (3.2) and
state and prove a version of Newton-Hodge Filtration for self-dual F -crystals over
certain Fp-algebras (5.3). This filtration is self-dual, and thus this result produces
the autodual divisible Hodge F -crystals considered in Katz [K]. Much of this work
follows [K2].
1. Review of F -crystals over perfect fields
In this section we will review some facts about F -crystals. These definitions can
be found in [K2].
Let k be a perfect field of characteristic p > 0. Let W (k) denote the ring
of Witt vectors over k. Note that W (k) is a complete discrete valuation ring
with uniformizer p. We will denote the valuation on W (k) by ν. We will let
σ : W (k) → W (k) denote the frobenius automorphism, which is the lifting of the
frobenius on k.
Definition 1.1. An F -crystal (M,F ) over k is a free W (k)-module of rank n
equipped with a σ-linear injection F : M → M . To say that F is σ-linear means
that for a ∈ W (k) and m ∈ M we have F (am) = σ(a)F (m) and also that F
is an additive map. A morphism of crystals ϕ : (M,F ) → (M ′, F ′) is a map of
W (k)-modules such that ϕ ◦ F = F ′ ◦ ϕ.
For an F -crystal (M,F ), given a W (k)-basis {e1, . . . , en} of M we can associate
a matrix A ∈ Mn(W (k)) to (M,F ) defined by F (ei) =
n∑
j=1
Ajiej . In this case we
write F as A ◦ σ. It is occasionally useful to think of an F -crystal as being given
by a matrix. We also note that in this case A ∈Mn(W (k)) ∩GLn(K).
Given an F -crystal (M,F ) of rank n we can associate to it a Hodge polygon. We
first note that since F is injective, F (M) is a W (k)-submodule ofM and F (M) has
rank n. By the theory of elementary divisors we can find twoW (k)-bases v1, . . . , vn
and w1, . . . , wn of M such that
F (vi) = p
aiwi
and
0 ≤ a1 ≤ a2 ≤ . . . ≤ an.
The ai are referred to as the Hodge slopes of (M,F ).
The Hodge polygon of (M,F ) is the graph of the function HodgeF : [0, n]→ R
defined on integegrs by{
HodgeF (i) = 0 if i = 0
HodgeF (i) = a1 + . . .+ ai if i = 1, . . . , n
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and then extended linearly between integers. Another characterization of the
Hodge numbers of an F -crystal comes from the Cartan Decomposition of the group
GLn(K). Let µ = (a1, . . . , an). We will let [p
µ] denote the diagonal matrix where
[pµ]ii = p
ai . We have
GLn(K) =
∐
µ
GLn(W (k))\[p
µ]/GLn(W (k))
where µ ranges over (a1, . . . , an) such that a1 ≤ · · · ≤ an. Given a matrix A for F
we have A = K1[p
µ]K2 where K1, K2 ∈ GLn(W (k)). The Hodge slopes for F are
the numbers a1 ≤ . . . ≤ an.
To each F -crystal (M,F ) we can also associate a Newton polygon. Let k′ be
an algebraic closure of k and let K ′ be the field of fractions of W (k′). Consider
s/r ∈ Q where r and s are relatively prime integers, with s ≥ 0 and r > 0. Let
Vs/r = (Qp[T ]/(T
r − ps)⊗Qp K
′, (mult. by T )⊗ σ).
Note that the dual of an F -isocrystal is given by (V ∗, FV ∗) where FV ∗(φ)(x) =
σ(φ(F−1x)) for φ ∈ V ∗. For s/r < 0 we define Vs/r = (V−s/r)
∗. By Dieudonne´
the category of F -isocrystals over k′ is semisimple, with the simple objects being
the Vs/r’s. That is, any F -isocrystal (V, F ) over k
′ is isomorphic to a direct sum⊕
i
Vsi/ri . If V is n-dimensional the Newton slopes of (V, F ) are (λ1, . . . , λn) where
each si/ri is repeated ri times and λ1 ≤ · · · ≤ λn. A proof that this decomposition
exists can be found in [D]. Consider the F -isocrystal (M⊗W (k)K
′, F⊗W (k)σ) which
comes from the F -crystal (M,F ). The Newton slopes of (M ⊗W (k)K
′, F ⊗W (k) σ)
are independent of the choice of the algebraic closure k′ of k. Thus we can speak
of the Newton slopes of (M,F ), which are defined to be the Newton slopes of
(M ⊗W (k) K
′, F ⊗W (k) σ). The Newton polygon of (M,F ) is the graph of the
function NewtonF : [0, n]→ R defined on integers by{
NewtonF (i) = 0 if i = 0
NewtonF (i) = λ1 + . . .+ λi if i = 1, . . . , n
and then extended linearly between successive integers.
Another useful characterization of the Newton slopes of an F -crystal (M,FM )
is the following. Suppose M has rank n. Then let L be the field of fractions of the
ring W (k′)[X ]/(Xn!− p) =W (k′)[p
1
n! ]. Note that we can extend σ to L by setting
σ(X) = X . By Dieudonne´ if (M,F ) has Newton slopes λ1 ≤ · · · ≤ λn then there
is a L-basis e1, . . . en of M ⊗W (k′) L such that (F ⊗ σ)(ei) = p
λiei for i = 1, . . . , n
(here pλi = Xn!λi).
The following result relates the two polygons.
Theorem 1.2 (Mazur’s Inequality). For any F -crystal (M,F ) the Newton polygon
lies above the Hodge polygon. The two polygons have the same initial point (0, 0)
and end point (n, ν(detF )).
2. Self-dual F -crystals over perfect fields
In this section we will define the notion of a self-dual F -crystal over k where
k is a perfect field of characteristic p. We will relate this back to the notion of
symplectic F -isocrystals.
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Definition 2.1. Let M∗ = HomW (k)(M,W (k)). A self-dual F -crystal is a quin-
tuple (M,FM , FM∗ ,Ψ, c) where
(1) c ∈ W (k) and c 6= 0.
(2) (M,FM ) and (M
∗, FM∗) are F -crystals over k.
(3) FM∗ ◦ FM
∗ = c · id and FM
∗ ◦ FM∗ = σ
−1(c)id. Note here FM
∗(ϕ) =
σ−1 ◦ ϕ ◦ FM where ϕ ∈M
∗.
(4) Ψ : (M,FM )
≃
−→ (M∗, FM∗).
Note that we can recover the map FM∗ from the definition above. Consider the
σ-linear map F ′M∗(ϕ) = σ ◦ ϕ ◦ σ
−1(c)F−1M where ϕ ∈ M
∗. Indeed we see that if
ϕ ∈M∗ then
(F ′M∗ ◦ FM
∗)(ϕ) = F ′M∗(σ
−1 ◦ ϕ ◦ FM )
= σ ◦ σ−1 ◦ ϕ ◦ FM ◦ σ
−1(c)F−1M
= ϕ ◦ c · id ◦ FM ◦ F
−1
M
= c · ϕ
Thus we’ve shown that F ′M∗ ◦ FM
∗ = c · id. We also have (from our work above
and (3)) that
c · id ◦ FM∗ = F
′
M∗ ◦ FM
∗ ◦ FM∗ = F
′
M∗ ◦ σ
−1(c) · id = c · idF ′M∗ .
Since W (k) is torsion free this implies that FM∗ = F
′
M∗ . In terms of matrices this
means that if A is a matrix for FM with respect to some W (k)-basis m1, . . . ,mn
then the matrix for FM∗ in terms of the dual basis m
∗
1, . . .m
∗
n is c · (A
−1)t.
In the case where Ψ = −Ψ∗ we say the F -crystal is symplectic. If Ψ = Ψ∗ we
say the F -crystal is orthogonal.
The following proposition relates the definition of symplectic F -crystal to the
definition of symplectic isocrystal.
Proposition 2.2. If (M,FM , FM∗ ,Ψ, c) is a 2n-dimensional symplectic F -crystal
over k, then (M,F ) is an F -crystal equipped with a non-degenerate skew-symmetric
form 〈 , 〉 :M ×M →W (k) such that 〈FM (m1), FM (m2)〉 = cσ(〈m1,m2〉).
Proof. Given (M,FM , FM∗ ,Ψ, c) we define 〈 , 〉 by 〈m1,m2〉 := Ψ(mi)(m2) for
m1,m2 ∈M . Nondegeneracy of 〈 , 〉 follows from the fact that Ψ is an isomorphism.
Lastly, recall that by (4) we have Ψ ◦ FM = FM∗ ◦Ψ. Thus
〈FM (m1), FM (m2)〉 = Ψ(FM (m1))(FM (m2))
= (FM∗(Ψ(m1))(FM (m2)) (since Ψ is a morphism of crystals)
= σ(Ψ(m1)(σ
−1(c) · FM
−1(FM (m2))))( by the formula for FM∗)
= σ(Ψ(m1)(σ
−1(c) ·m2))
= σ(σ−1(c)Ψ(m1)(m2))
= c · σ(Ψ(m1)(m2))
= cσ(〈m1,m2〉)
as required.

Let λ1 ≤ · · · ≤ λn be the Newton slopes of (M,FM , FM∗ ,Ψ, c), a self-dual F -
crystal, and let a1 ≤ · · · ≤ an be the Hodge slopes of (M,FM , FM∗ ,Ψ, c). Let
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(V ∗, FV ∗) denote the dual of (M ⊗K,FM ⊗σ). We see that the (M
∗⊗K,FM∗ ⊗σ)
= (V ∗, σ−1(c)FV ∗) because of the relationship between FM and FM∗ . Thus the
Newton slopes of (M∗, FM∗) are ν(c) − λn ≤ . . . ≤ ν(c) − λ1. Since (M,FM ) and
(M∗, FM∗) are isomorphic they have the same Newton slopes, so we have for each
i, λi + λn−i+1 = ν(c).
We believe the following proposition was known previously but we were unable
to find a proof in the literature. The author would like to thank M. Boyarchenko
for providing the following proof.
Proposition 2.3. Let a1, . . . , an be the Hodge slopes of (M,FM , FM∗ ,Ψ, c). Then
ai + an−i+1 = ν(c).
Proof. We will prove two lemmas which will imply the result. Let V = M ⊗ K
and let 〈 , 〉 = Ψ( )( ). Let N ⊂ V be an n-dimensional W (k)-lattice. Then by
the theorem of elementary divisors there exists a basis e1, . . . , en of M such that
pa1e1, . . . , p
anen (with a1 ≤ · · · ≤ an ) is a basis of N . We will refer to a1, . . . , an as
the invariants of N with respect to M . Let N⊥ = {x ∈ V |〈x, y〉 ∈W (k) ∀y ∈ N}.
Lemma 2.4. If a1, . . . , an are the invariants of N with respect toM then −a1, . . . ,−an
are the invariants of N⊥ with respect to M .
Proof. Suppose e1, . . . , en is a basis of M such that p
a1e1, . . . , p
anen is a basis of
N . Let e∗1, . . . , e
∗
n be the basis of M such that 〈e
∗
i , ej〉 = δij . Such a basis exists
since Ψ is an isomorphism. Let Λ = SpanW (k){p
−a1e∗1, . . . , p
−ane∗n}. We claim that
N⊥ = Λ. Clearly Λ ⊂ N⊥. Suppose that n ∈ N⊥. Then n = b1e
∗
1 + · · · + bne
∗
n
for some bi ∈ K since e
∗
1, . . . , e
∗
n is a basis of V . Now for each i = 1, . . . , n we
have 〈n, paiei〉 = bip
ai ∈ W (k) since n ∈ N⊥. Thus n = b1p
a1 · p−a1e∗1 + · · · +
bnp
an · p−ane∗n ∈ Λ. So we’ve shown that p
−a1e∗1,. . .,p
−ane∗n is a basis for N
⊥, as
required. 
Lemma 2.5. Consider FM (M) ⊂ V . Then FM (M)
⊥ = 1cFM (M).
Proof. Recall that 〈FM (m1), FM (m2)〉 = cσ(〈m1,m2〉) for all m1, m2 ∈ M . We
have
m ∈ FM (M)
⊥ ⇔ 〈m,FM (m1)〉 ∈W (k) ∀m1 ∈M
⇔ cσ(〈F−1M (m),m1〉) ∈W (k) ∀m1 ∈M
⇔ σ−1(c)〈F−1M (m),m1〉 ∈W (k) ∀m1 ∈M
⇔ 〈F−1M (cm),m1〉 ∈W (k) ∀m1 ∈M
⇔ F−1M (cm) ∈M
⊥ = M
⇔ cm ∈ FM (M)
⇔ m ∈
1
c
FM (M)

Let a1, . . . , an be the Hodge slopes of (M,FM , FM∗ ,Ψ, c). We note that this is
the same as the invariants of F (M) with respect toM . We see from the two lemmas
that the invariants of F (M) with respect to M are ν(c)− an ≤ · · · ≤ ν(c)− a1. 
Thus we see that for self-dual F -crystals the Newton and Hodge slopes satisfy a
symmetry condition.
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3. Newton-Hodge Decomposition for Self-Dual F -crystals
Our goal is to prove a version of Newton-Hodge Decomposition for self-dual F -
crystals. We continue to assume throughout this section that k is a perfect field of
characteristic p. The result for F -crystals is:
Theorem 3.1 (Newton-Hodge Decomposition, [K2], Thm. 1.6.1). Let (M,F ) be
an F -crystal of rank n. Let (A,B) ∈ Z× Z be a break point of the Newton polygon
of (M,F ) which also lies on the Hodge polygon of (M,F ). Let λ1 ≤ · · · ≤ λn denote
the Newton slopes of (M,F ) and let a1 ≤ · · · ≤ an be the Hodge slopes. Then there
exists a unique decomposition of (M,F ) as a direct sum
(M,F ) = (M1 ⊕M2, F1 ⊕ F2)
of two F -crystals (M1, F1) and (M2, F2) such that
(1) M1 has rank A, the Hodge slopes of (M1, F1) are a1 ≤ · · · ≤ aA and the
Newton slopes of (M1, F1) are λ1 ≤ · · · ≤ λA.
(2) M2 has rank n − A, the Hodge slopes of (M2, F2) are hA+1 ≤ · · · ≤ hn
and the Newton slopes of (M2, F2) are λA+1 ≤ · · · ≤ λn.
In terms of matrices the theorem above states that it is possible to find a W (k)-
basis of (M,F ) such that the matrix for F is
[
F1 0
0 F2
]
where (M1, F1) and (M2, F2)
satisfy the slope conditions listed above. Here F1 := F |M1 and F2 := F |M2 . We
also have that M1 is the unique F -stable submodule of M such that M1 is free of
rank A, the Newton slopes M1 are λ1 ≤ . . . ≤ λA , and M2 =M/M1 is free of rank
n−A ([K2], 1.6.3).
The result below is the generalization of Newton-Hodge Decomposition to the
case of self-dual F -crystals. We note that in [Ko3] Kottwitz proved a group theoretic
generalization of 3.1 for split connected reductive groups in the case where k is
algebraically closed. Later in [V] it was noted that the result in [Ko3] could be
strengthened using essentially the same proof as in [Ko3]. Here our result is not in
purely group theoretic terms and there are less assumptions on k (we only assume
that k is perfect, but it need not be algebraically closed).
Theorem 3.2 (Newton-Hodge Decomposition for Self-Dual F -crystals). Let
(M,FM , FM∗ ,Ψ, c) be a self-dual F -crystal of rank n. Let (A,B) ∈ Z × Z be a
break point of the Newton polygon of (M,FM , FM∗ ,Ψ, c) which also lies on the
Hodge polygon of (M,FM , FM∗ ,Ψ, c) and assume A <
n
2 . Let λ1 ≤ · · · ≤ λn denote
the Newton slopes of (M,FM , FM∗ ,Ψ, c) let a1 ≤ · · · ≤ an be the Hodge slopes.
Then there exists a unique decomposition of (M,F ) as a direct sum
(M,F ) = (MS1 ⊕MS2 , FS1 ⊕ FS2)
of two self-dual F -crystals (MS1 , FMS1 , FM∗S1
,ΨS1 , c) and (MS2 , FMS2 , FM∗S2
,ΨS2 , c)
such that
(1) The rank of MS1 is 2A, the Hodge slopes of (MS1 , FS1) are a1 ≤ · · · ≤
aA ≤ an−A+1 ≤ · · · ≤ an and the Newton slopes of (MS1 , FS1) are λ1 ≤
· · · ≤ λA ≤ λn−A+1 ≤ · · · ≤ λn.
(2) The rank of MS2 is n− 2A, the Hodge slopes of (MS2 , FS2) are aA+1 ≤
· · · ≤ an−A and the Newton slopes of (MS2 , FS2) are λA+1 ≤ · · · ≤ λn−A.
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Proof. For a self-dual F -crystal (M,FM , FM∗ ,Ψ, c), if (A,B) is a break point of
the Newton polygon and lies on the Hodge polygon then (n−A, ν(c)(n2 −A)−B)
is also a break point of the Newton Polygon which lies on the Hodge polygon
of (M,FM , FM∗ ,Ψ, c) by the symmetry property we showed earlier for self-dual
F -crystals. Thus we can apply 3.1 to (M,FM ) twice (at the points (A,B) and
(n−A, (n2 −A)ν(c)−B)) to obtain the decomposition (M1⊕M2⊕M3, F1⊕F2⊕F3)
where
(1) The rank of M1 is A, the Hodge slopes of (M1, F1) are a1 ≤ · · · ≤ aA
and the Newton slopes of (M1, F1) are λ1 ≤ · · · ≤ λA.
(2) The rank of M2 is n − 2A, the Hodge slopes of (M2, F2) are aA+1 ≤
· · · ≤ an−A and the Newton slopes of (M2, F2) are λA+1 ≤ · · · ≤ λn−A
(3) The rank ofM3 is A, the Hodge slopes of (M3, F3) are an−A+1 ≤ · · · ≤ an
and the Newton slopes of (M3, F3) are λn−A+1 ≤ · · · ≤ λn.
We will show that the F -crystals (M1 ⊕M3, F1 ⊕ F3) and (M2, F2) both have a
self-dual structure which comes from the restriction of Ψ toM1⊕M3 andM2. First
we note that since (M1 ⊕M2 ⊕M3, F1 ⊕ F2 ⊕ F3) there exists a basis m1, . . . ,mn
for M such that the matrix for FM is
F1 0F2
0 F3

 .
Here F1 = F |M1 , F2 = F |M2 and F3 = F |M3 . Thus the matrix for FM∗ (by our
remark in section 2) in terms of the dual basis m∗1, . . . ,m
∗
n is
c(F
−1
1 )
t 0
c(F−12 )
t
0 c(F−13 )
t

 .
Thus we see that (M∗1 ⊕M
∗
2 ⊕M
∗
3 , FM∗ |M∗1 ⊕ FM∗ |M∗2 ⊕ FM∗ |M∗3 ) = (M
∗, FM∗)
as F -crystals. To show that the restriction of Ψ provides the required self-dual
structure we will show that Ψ(M1) ⊂ M
∗
3 , Ψ(M2) ⊂ M
∗
2 and Ψ(M3) ⊂ M
∗
1 . Since
we know that Ψ : M → M∗ is an isomorphism and since M∗ = M∗1 ⊕M
∗
2 ⊕M
∗
3
this will imply that Ψ(M1) = M
∗
3 , Ψ(M2) = M
∗
2 and Ψ(M3) = M
∗
1 . Furthermore,
since (M∗, FM∗) is a direct sum of the F -crystals (M
∗
1 , F |M∗1 ), (M
∗
2 , F |M∗2 ), and
(M3, F |M∗3 ), once we’ve shown this we will have that Ψ|M1⊕M3 and Ψ|M2 are both
morphisms of F -crystals.
To show the required inclusions we recall a characterization of the Newton slopes
associated to an F -crystal (M,FM ) introduced in section 1. Let L be the field of
fractions of W (k′)[p1/n!] where k′ is an algebraic closure of k. Then there exists an
L basis e1, . . . , en of M ⊗W (k) L such that (FM ⊗ σ)(ei) = p
λiei. Note that since
M is a W (k)-module which is free of finite rank HomW (k)(M,W (k)) ⊗W (k) L =
HomW (k)(M,W (k) ⊗ L) = HomL(M ⊗ L,L). Thus Ψ : M → M
∗ induces a non-
degenerate bilinear form Ψ⊗σ :M⊗L→ (M⊗L)∗. Sometimes we will refer to the
bilinear form induced by Ψ as 〈 , 〉M and the form induced by Ψ⊗ σ as 〈 , 〉M⊗L
to avoid confusion. We note that in this case 〈m1 ⊗ 1,m2 ⊗ 1〉M⊗L = 〈m1,m2〉M
for m1, m2 ∈M .
We will now show that Ψ(M1) ⊂ M
∗
3 . This is equivalent to showing that
〈m1,m〉M = 0 for all m1 ∈ M1 and m ∈ (M1 ⊕ M2) ⊗ L. Note that e1, . . . eA
is an L-basis for M1 ⊗ L and e1, . . . , en−A is and L-basis for M1 ⊕M2. This is
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because (A,B) and (n − A, ν(c)(n2 − A) − B) are both breakpoints of the New-
ton polygon of (M,FM ). Suppose that m1 ∈ M1 and m ∈ M1 ⊕ M2. Then
m1 ⊗ 1 = a1e1 + · · · + aAeA and m = b1e1 + · · · + bn−Aen−A for some ai, bi ∈ L.
We have for any i and j that
〈(FM ⊗ σ)(ei), (FM ⊗ σ)(ej)〉M⊗L = 〈p
λiei, p
λjej〉M⊗L = p
λi+λj 〈ei, ej〉M⊗L
and
〈(FM ⊗ σ)(ei), (FM ⊗ σ)(ej)〉M⊗L = cσ(〈ei, ej〉M⊗L).
Thus pλi+λj 〈ei, ej〉M⊗L = cσ(〈ei, ej〉M⊗L). Thus we must have ν(c) = λi + λj
or 〈ei, ej〉M⊗L = 0. Now suppose that 1 ≤ i ≤ A and 1 ≤ j ≤ n − A. Then
A+1 ≤ n− j+1 ≤ n, so i < n− j+1. By our hypothesis, (A,B) was a break point
of the Newton polygon of (M,FM ), so λA < λA+1 which implies λi < λn−j+1. Thus
λi + λj < λn−j+1 + λj = ν(c). So in this case we must have 〈ei, ej〉M⊗L = 0. This
implies that 〈m1 ⊗ 1,m ⊗ 1〉M⊗L = 0 which is what we wanted to show. Similar
arguments show that Ψ(M2) ⊂M
∗
2 and Ψ(M3) ⊂M
∗
1 .

Note that the theorem above gives for a self-dual F -crystal (M,FM , FM∗ ,Ψ, c)
a filtration of FM -stable submodules 0 ⊂M1 ⊂M2 ⊂M where
(1) The Newton slopes of (M1, FM |M1) are the firstA Newton slopes of (M,FM ).
(2) The Newton slopes of (M2, FM |M2) are the first n−A Newton slopes of M .
(3) M1 and M2 are perpendicular, i.e. Ψ(m1)(m2) = Ψ(m2)(m1) = 0 for all
m1 ∈M1 and m2 ∈M2.
4. F-crystals over Fp-algebras
In this section we review the definition of F -crystals over an Fp-algebra. Again
we follow [K2].
Definition 4.1. An absolute test object is a triple (B, I, γ) where B is a p-adically
complete and separated Zp-algebra, I ⊂ B is a closed ideal with p ∈ I and γ = {γn}
is a divided power structure on I such that γn(p) is the image of p
n/n! in B (note
that pn/n! ∈ Zp). If A◦ is an Fp-algebra, then an A◦-test object (B, I, γ; s) is an
absolute test object (B, I, γ) with the structure of an A◦-algebra on B/I given by
s, i.e. s : A◦ → B/I is a homomorphism of Fp-algebras. A morphism of A◦-test
objects f : (B, I, γ; s) → (B′, I ′, γ′; s′) is an algebra homomorphism f : B → B′
which maps I to I ′, commutes with γ and γ′ (i.e. f ◦ γi = γ
′
i ◦ f for each i ≥ 0)
and induces an A◦-homomorphism B/I → B
′/I ′.
Definition 4.2. A crystal M on A◦ assigns to every A◦-test object (B, I, γ; s) a
p-adically complete and separated B-module M(B, I, γ; s). It also assigns to every
map f : (B, I, γ; s) → (B′, I ′, γ′; s) of A◦-test objects a B
′-module isomorphism
M(f) : M(B, I, γ; s)⊗ˆBB
′
∼=
−→ M(B′, I ′, γ′; s′), and this rule is compatible with
compositions of maps of A◦-test objects. A morphism of crystals u : M → N
on A◦ assigns to each A◦-test object (B, I, γ; s) a B-module map u(B, I, γ; s) :
M(B, I, γ; s)→ N(B, I, γ; s) which is compatible with the maps M(f) and N(f).
A morphism of crystals u :M → N is an isogeny if there exists a map v : N →M
and n ≥ 0 such that u ◦ v = pn and v ◦ u = pn.
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Given a homomorphism of Fp-algebras φ : A◦ → B◦ and a B◦-test object
(B, I, γ; s), (B, I, γ; s ◦φ) is a A◦-test object. With this in mind, given a crystal M
on A◦, we can define a crystal M
(φ) on B◦ by M
(φ)(B, I, γ; s) = M(B, I, γ; s ◦ φ).
Sometimes this is referred to as the “inverse image” crystal on B◦. If we are given
a morphism u : M → N of crystals on A◦ then we obtain u
(φ) : M (φ) → N (φ), a
morphism of crystals on B◦ defined by u
(φ)(B, I, γ; s) = u(B, I, γ; s ◦ φ).
A crystalM is said to be locally free of rank n if for anyA◦-test object (B, I, γ; s),
we have that M(B, I, γ; s) is a locally free B-module of rank n. We are now ready
to introduce the generalized version of an F -crystal.
Definition 4.3. An F -crystal (M,F ) on A◦ is a locally free crystal M on A◦
together with an isogeny F : M (σ) → M . A morphism between F -crystals (M,F )
and (M ′, F ′) is a morphism f :M →M ′ of crystals on A◦ where F
′ ◦ f (σ) = f ◦F .
If A◦ is a perfect ring then the A◦-test object (W (A◦), (p), γ; s) is an initial ob-
ject in the category of all A◦-test objects [G]. The divided power structure γ is
uniquely determined in this case by the requirement γn(p) = p
n/n! and the homo-
morphism s : A◦ →W (A◦)/(p) is the inverse of the isomorphismW (A◦)/(p)
∼=
−→ A◦.
Evaluating at this initial object provides an equivalence of categories between the
category of crystals on A◦ and the category of p-adically complete and separated
W (A◦)-modules. We also see that if A◦ is a perfect field then an F -crystal over A◦
corresponds to the definition we had before in section 2.
The operation of taking the inverse image of a crystal corresponds to extension
of scalars, ie. if M := M(WA◦ , (p), γ; s) where M is a crystal over A◦ and we
have φ : A◦ → B◦, a morphism of Fp-algebras, then M
(φ)(WB◦ , (p), γ; s ◦ φ) :=
M⊗ˆW (A◦)W (B◦) where theW (B◦)-module structure comes fromW (φ) :W (A◦)→
W (B◦). Given an F -crystal over A◦ we can also associate to each p ∈ SpecA◦ an
F -crystal over a perfect field. Let Aperf◦ denote the perfection of A◦, i.e. A
perf
◦ :=
lim
−→
σ
A◦. We see by inspection that SpecA◦ = SpecA
perf
◦ as sets. Let p ∈ SpecA◦.
Let kp = Fr(A
perf
◦ /p). By taking the inverse image on kp using φp : A◦ → kp we get
an F -crystal over kp, namely (M,F )
(φp). The Hodge and Newton polygon of this
F -crystal does not depend on the choice of kp only Ker(φp) = p. So we may speak
of what happens at a point of SpecA◦, or what happens to (M,F ) “pointwise”.
From now on we will consider the case in which A◦ is an Fp-algebra which is not
necessarily perfect, but one of the following two types:
(1) A◦ is smooth over a perfect subring A◦◦ of A◦
(2) A◦ is the ring of power series over a perfect ring A◦◦ in finitely many
variables
In both of these cases there exists a p-adically complete and separated Zp-
algebra A∞ such that A∞ is flat over Zp, A∞/pA∞ ∼= A◦ and for each n ≥ 0,
An := A∞/p
n+1A∞ is formally smooth over Z/p
n+1Z [K2]. There is an explicit
construction of such a ring in [BM]. A∞ should be thought of as a generalized
version of a Cohen ring over a perfect field. By [G] A∞ is naturally a W (A◦◦)-
algebra. A∞ is unique up to automorphisms that are the identity on W (A◦◦) and
which reduce mod p to the identity. Using formal smoothness of the An’s we can
lift σ : A◦ → A◦ to a ring homomorphism Σ : A∞ → A∞ (i.e. Σ reduces mod p to
σ), however this lifting is not unique.
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Consider the A◦-test object (A∞, (p), γ; s) where s is the inverse of A∞/pA∞
∼=
−→
A◦. This test object is not initial; however it is weakly initial, that is, any A◦-test
object receives a map from it, though this map need not be unique. Evaluation at
this object provides an equivalence of categories between crystals on A◦ and the
category of pairs (M,∇) consisting of a p-adically complete and separated A∞-
module M together with an integrable, nilpotent W (A◦◦)-connection ∇. Fixing
a lifting Σ : A∞ → A∞ of σ we obtain an equivalence of categories between the
category of F -crystals on A◦ and the category of triples (M,∇, FΣ) where
(1) M is a locally free A∞-module
(2) ∇ is an integrable, nilpotent W (A◦◦)-connection.
(3) FΣ : (M
(Σ),∇(Σ))→ (M,∇) is an isogeny (i.e. FΣ induces an isomorphism
after tensoring M (Σ) and M over Zp with Qp).
We can also construct, given a choice of Σ, a unique inclusion i(Σ) : A∞ →֒
W (Aperf◦ ) such that i(Σ) reduces mod p to the inclusion A◦ →֒ A
perf
◦ and i(Σ)◦Σ =
W (σ)◦i(Σ). Suppose we have an F -crystal on A◦ thought of as a triple (M,∇, FΣ).
Its inverse image on Aperf◦ is the pair (M ⊗A∞ W (A
perf
◦ ), FΣ ⊗ id), obtained from
(M,FΣ,∇) by extension of scalars via i(Σ) : A∞ → W (A
perf
◦ ). Thus at every
point p of SpecA◦ the F -crystal over W (kp) associated to (M,FΣ,∇Σ) is given
by (M ⊗A∞ W (kp), FΣ ⊗A∞ id), where W (kp) is viewed as an A∞-algebra via
W (φp) ◦ i(Σ). From now on Φp = W (φp) ◦ i(Σ) where φp : A
perf
◦ → kp is a ring
homomorphism such that kp is a perfect field and Ker(φp) = p. We have the
following:
Theorem 4.4 (Newton-Hodge Filtration, [K2], Thm. 2.4.2). Let (M,∇, FΣ) be an
F -crystal over A◦ of rank n. Suppose that (A,B) is a break point of the Newton
polygon of (M,∇, FΣ)
(Φp) at every point p ∈ SpecA◦, and that (A,B) lies on the
Hodge polygon of (M,∇, FΣ)
(Φp) at every point p of SpecA◦. Then there exists a
unique FΣ-stable horizontal A∞-submodule M1 ⊂M with M1 locally free of rank A
and M/M1 locally free of rank n−A, such that:
(1) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M1,∇|M1 , FΣ|M1)
(Φp) are the first A Hodge and Newton slopes of
(M,∇, FΣ)
(Φp).
(2) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M/M1,∇|M/M1 , FΣ|M/M1)
(Φp) are the last n−A Hodge and Newton slopes
of (M,∇, FΣ)
(Φp).
5. Self-dual F -crystals over Fp-algebras
In this section A◦ is the same type of ring as at the end of the previous section.
We will define the notion of a self-dual F -crystal over Fp. Then we will prove a
version of the Newton-Hodge Filtration Theorem (4.4) for self-dual F -crystals over
an Fp-algebra A◦.
Before we give the definition of a self-dual F -crystal we note that for a crystal
M over A◦ we can define its dual by requiring that
M∗(B, I, γ; s) = HomB(M(B, I, γ; s), B). The base change condition is satisfied
because all of the modules we are dealing with are locally free.
Definition 5.1. A self-dual F -crystal is a quintuple (M,FM , FM∗ ,Ψ, c) where
(1) c ∈ W (A◦◦) such that c = p
m · u where u ∈W (A◦◦) is a unit.
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(2) m ≥ 0.
(3) (M,FM ) and (M
∗, FM∗) are F -crystals over A◦.
(4) We have FM
∗ ◦ FM∗ = c · idM∗ and FM∗ ◦ FM
∗ = c · id(M∗)(σ) (note
that here F ∗M : M
∗ → (M (σ))∗ is the transpose of FM . To make the re-
quired compositions we are using that (M (σ))∗ and (M∗)(σ) are canonically
isomorphic to each other.
(5) Ψ : (M,F ) → (M∗, FM∗) is an isomorphism of F -crystals (i.e. an iso-
morphism at every test object).
Sometimes we will think of a self-dual F -crystal over A◦ under the equiva-
lence of categories discussed in the previous section. In this case we will write
(M,FMΣ,∇, FM∗Σ,Ψ, c) for (M,FM , FM∗ ,Ψ, c). We see that under the equiva-
lence, Ψ :M ×M → A∞ is a non-degenerate bilinear form.
Given a self-dual crystal (M,FMΣ,∇, FM∗Σ,Ψ, c) we can consider for each p ∈
SpecA◦ the inverse image Φp : A∞ → W (kp) of (M,FMΣ), (M
∗, FM∗Σ) and Ψ.
This results in a self-dual F -crystal over kp which we will denote
(M,FMΣ,∇, FM∗Σ,Ψ, c)
(Φp).
Before we state the version of this theorem for self-dual crystals we will prove a
lemma that is needed both for the proof of the theorem above and for the proof of
the Newton-Hodge Filtration for self-dual F -crystals.
Lemma 5.2. If a ∈ A∞ is such that Φp(a) = 0 for all p then we have a = 0.
Proof. Recall that Φp = W (φp)◦ i(Σ). Consider i(Σ)(a) = (a0, a1, . . .) ∈ W (A
perf
◦ ).
We have Φp(a) = (φp(a0), φp(a1), . . .). Consider ai. If Φp(a) = 0 then φp(ai) = 0
for each p ∈ SpecAperf◦ . Thus we have ai ∈ p for each p ∈ A
perf
◦ . This means
ai is nilpotent and hence ai = 0 for each i since A
perf
◦ is reduced. This means
i(Σ)(ai) = 0, but i(Σ) was injective so a = 0 as required. 
Theorem 5.3 (Newton Hodge Filtration for Self-Dual F -crystals). Let
(M,FMΣ,∇, FM∗Σ,Ψ, c) be a self-dual F -crystal over A◦ of rank n. Suppose that
(A,B) is a breakpoint of the Newton polygon of (M,FMΣ,∇, FM∗Σ,Ψ, c)
(Φp) at
every point p ∈ SpecA◦, and that (A,B) lies on the Hodge polygon of
(M,FMΣ,∇, FM∗Σ,Ψ, c)
(Φp) at every point p of SpecA◦ and suppose furthermore
that A < n2 . Then there exist two FΣ-stable horizontal A∞-submodules M1 ⊂M2 ⊂
M such that:
(1) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M2/M1,∇|M2/M1 , FΣ|M2/M1)
(Φp) are the middle n−2A Hodge and Newton
slopes of (M,∇, FΣ)
(Φp).
(2) (M2/M1,∇|M2/M1 , FΣ|M2/M1) can be given the structure of a self-dual
F -crystal.
(3) M1 and M/M2 are dual to each other, in other words M1 ∼= (M/M2)
∗
and M/M2 ∼= M
∗
1 .
Proof. Note that since we know pointwise that (A,B) is a breakpoint of the Newton
polygon and lies on the Hodge polygon of (M,∇, FΣ), the same is true for (n −
A, (n2 − A)m − B) because of the symmetry of the Hodge and Newton slopes.
Thus we can apply Theorem 4.4 to the F -crystal (M,∇, FΣ) at the breakpoint
(n−A, (n2 −A)m−B) to get a locally free FΣ-stable A∞-submodule 0 ⊂M2 ⊂M
such thatM2 satisfies the conclusion of Theorem 5.4. In particular, at every point p
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of SpecA◦, (A,B) is a breakpoint of the Newton polygon of (M2,∇|M2 , FΣ|M2)
(Φp)
that lies on the Hodge polygon of (M2,∇|M2 , FΣ|M2)
(Φp). Thus we can apply
Theorem 5.4 again to (M2,∇|M2 , FΣ|M2) to obtain 0 ⊂ M1 ⊂ M2, a locally free
FΣ-stable A∞-module of rank A which satisfies the conclusions of Theorem 5.4. We
note that M/M1 is locally free of rank n−A since M1, M2/M1, M/M2 and M are
all locally free. To summarize we have:
(1) M1 is locally free of rank A, M2 is locally free of rank n− A, M/M1 is
locally free of rank n − A, M/M2 is locally free of rank A, and M2/M1 is
locally free of rank n− 2A.
(2) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M1,∇|M1 , FΣ|M1)
(Φp) are the first A Hodge and Newton slopes of
(M,∇, FΣ)
(Φp).
(3) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M2,∇|M2 , FΣ|M2)
(Φp) are the first n−A Hodge and Newton slopes of
(M,∇, FΣ)
(Φp).
(4) At every point p ∈ SpecA◦ the Hodge and Newton slopes of
(M2/M1,∇|M2/M1 , FΣ|M2/M1)
(Φp) are the middle n−2AHodge and Newton
slopes of (M,∇, FΣ)
(Φp).
We need to show that (M2/M1,∇|M2/M1 , FΣ|M2/M1) can be given a non-degenerate
bilinear form. We will show that Ψ induces an isomorphism Ψ : M2/M1 →
(M2/M1)
∗. We first note that for every point p ∈ SpecA◦ the self-dual F -crystal
(M,FMΣ,∇, FM∗Σ,Ψ, c)
(Φp) over kp satisfies the hypotheses of Theorem 4.2. This
gives us a filtration 0 ⊂ (M (Φp))1 ⊂ (M
(Φp))2 ⊂ M
(Φp) where Ψ(Φp)(m1)(m2) = 0
for all m1 ∈ (M
(Φp))1, m2 ∈ (M
(Φp))2. We claim that (M
(Φp))1 = M
(Φp)
1 . Note
thatM
(Φp)
1 is FM
(Φp)
Σ -stable and thatM
(Φp)/M
(Φp)
1 is free. Also the Newton slopes
of (M
(Φp)
1 , FM
(Φp)
Σ |M(Φp)1
) are the first A Newton slopes of (M (Φp), FM
(Φp)
Σ ). But
(M (Φp))1 is the unique submodule of M
(Φp) that satisfies these properties by The-
orem 4.1, so we must have (M (Φp))1 = M
(Φp)
1 . Similarly, (M
(Φp))2 = M
(Φp)
2 .
Now given m1 ∈ M1 and m2 ∈ M2 we have that Φp(Ψ(m1)(m2)) = Ψ
(Φp)(m1 ⊗
1)(m2 ⊗ 1). We also know that m1 ⊗ 1 ∈ (M
(Φp))1 and m2 ⊗ 1 ∈ (M
(Φp))2.
Thus Φp(Ψ(m1)(m2)) = 0 for each p ∈ SpecA◦ so we have Ψ(m1)(m2) = 0 for all
m1 ∈M1 and m2 ∈M2. Similarly, Ψ(m2)(m1) = 0 for all m1 ∈M1 and m2 ∈M2;
in other words, M1 and M2 are perpendicular.
To define Ψ first we will show that Ψ(M2) = (M/M1)
∗. Let resM1 : M
∗ → M∗1
be the restriction map, i.e. resM1(φ) = φ|M1 . We claim that resM1 is surjective.
All we need to show is that this is true locally, but M1 and M/M1 are both locally
free so we have that M =M1⊕M/M1 locally. Thus, locally, M
∗
։M∗1 and resM1
is surjective. Now consider resM1 ◦ Ψ. We have Ψ(m2)(m1) = 0 for all m1 ∈ M1,
m2 ∈M2. Thus resM1 ◦Ψ factors through the quotient M/M2; we will denote the
induced map Ψ′ :M/M2 →M
∗
1 . We have
M
Ψ // //
"" ""F
FF
FF
FF
FF
M∗
resM1 // // M∗1
M/M2
Ψ′
;;wwwwwwww
,
so Ψ′ is surjective. Since M/M2 and M
∗
1 are both locally free and of rank A we
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have that Ψ′ is in fact an isomorphism. Recall that (M/M1)
∗ = Ker(resM1). We
have Ψ(M2) ⊂ (M/M1)
∗ since M1 and M2 are perpendicular to each other. To
show the other containment suppose φ ∈ (M/M1)
∗. Then there exists m ∈M such
that Ψ(m) = φ. We have Ψ′(m +M2) = resM1(Ψ(m)) = 0. But Ψ
′ is injective, so
m ∈M2 as required. We also see that Ψ
′ provides an isomorphism between M/M2
and M∗1 which shows that M1 and M/M2 are dual to each other.
Now we show that Ψ induces an isomorphism M2/M1 → (M2/M1)
∗. Note
that M∗ ։ M∗2 since this is the case locally. This gives us resM2 : (M/M1)
∗
։
(M2/M1)
∗. Let Ψ|M2 denote Ψ restricted toM2. We see that (resM2 ◦Ψ|M2)(m1) =
0 since M1 and M2 are perpendicular. Thus resM2 ◦ Ψ|M2 factors through the
quotient M2/M1, so we get an induced map Ψ :M2/M1 → (M2/M1)
∗. We have
M2
Ψ|M2// //
$$ $$I
II
II
II
II
(M/M1)
∗
resM2// // (M2/M1)
∗
M2/M1
Ψ
88pppppppppp
.
Since Ψ is surjective, and since M2/M1 and (M2/M1)
∗ are both locally free of rank
n− 2A, Ψ is an isomorphism as required.

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